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1. Introduction 

It is a well known fact that in order to couple the Type I or Heterotic superstrings 
to a generic background, the gauge groups must be SO (32) or Eg x E% in order to have 
a theory free of gauge and Lorentz anomalies. This condition is supplemented with an a' 
correction to the 3-superform H, defined as the exterior derivative of the Kalb-Ramond 
2-superform B. The mechanism described is known as the Green-Schwarz mechanism [|1| 
and the form of the corrections are of Yang-Mills and Lorentz Chern-Simons type, which is 
related to the form of the counter-terms that cancel the anomalies. It is worth to note that 
this mechanism for the cancellation of anomalies was discovered using the low energy limit 
of superstrings. However, Hull and Witten || noted the necessity of the Chern-Simons 
modifications in order to cancel the sigma model for the Heterotic superstring. 

To describe superstrings in a generic background, one has at disposal the Ramond- 
Neveu-Schwarz (RNS) formalism and the Green-Schwarz (GS) formalism. However in the 
first, whose sigma model was the one used in 0, it is difficult to incorporate space-time 
fermions, so some elements are lacking; while in the second one can only quantize in 
the light-cone gauge, loosing the manifest symmetries. Nevertheless, there is one more 
description known as the Pure Spinor (PS) formalism ||, in which a superstring can 
be described in a generic background [§| and does not suffer of those difficulties. The 
quantization of the superstring in the PS formalism is performed through a BRST charge 
Qbrst, which is nilpotent because of the pure spinor condition, to be defined later on. As 
shown in Q, the classical BRST invariance impose some constraints on the background 
fields, in particular on the components of H; putting them on-shell. Before pure spinors 
were used to describe superstrings, integrability along pure spinor lines allowed to find the 
super Yang-Mills and supergravity equations of motion in ten dimensions || . Because of 
its nature, the pure spinor sigma model is a proper description for performing perturbative 
computations. Using this description it has been possible to compute the beta functions for 
the Heterotic || and Type II Superstring @, showing that the classical BRST invariance 
implies in the conformal invariance^. 

Because in the PS formalism one can quantize in a Super-Poincare invariant manner, 
one could attempt to compute a' corrections to the constrains in the background fields 
mentioned in the last paragraph. In particular, one can look for Chern-Simons type correc- 
tions to the 3-superform H as mentioned in the first paragraph. This paper is concentrated 



For further studies of the pure spinor formalism in a curved background see []|] 



in the Yang-Mills Chern-Simons correction to H, which was also shown in and [10] to 



imply the correct coupling of M = 1 supergravity to M = 1 super Yang-Mills. Specifically, 
it will be computed corrections to the classical constraints on H by checking the nilpotency 
of the BRST charge at one-loop level. It will be shown that it is a key aspect to add local 
counter-terms in the action to preserve the BRST invariance at the quantum level. Those 
counter-terms amounts to redefinitions of the space-time metric and the spin connection. 



The redefinition of the space-time metric was noted by Sen [11]. Furthermore Hull and 



Townsend ||12|| showed that they were necessary to preserve the world sheet supersymmetry 
in the heterotic string. Since the supervielbein EM a {Z) appears as one of the superfields 
in the pure spinor sigma model, redefinitions of this superfield are in accordance with re- 
definition of the space-time metric, and as will be shown, they are important to check the 
BRST invariance at one-loop. 

The structure of this paper is as follows. In section 2 a brief introduction to the PS 
formalism is given. In section 3 the results of H and |H|] concerning the nilpotency of 
Qbrst and holomorphicity of the BRST current at the lowest order in a' are reobtained, by 
performing a tree-level computation. In section 4 it is performed a one-loop computation 
to find the Yang-Mills Chern-Simons correction to the 3-superform H, explaining the 
computations in a detailed way, as well as the counter-terms introduced. In section 5 
the work is concluded. In the appendix are included the results of the background field 
expansion used in the computation. 

2. Review of the Pure Spinor Formalism 

The action for the heterotic superstring in the pure spinor formalism is given by 

S = -^ f d 2 z{\dX m dX m + Pa d9 a + bdc) +S X + Sj, (2.1) 

Ztkx J Z 

where the worldsheet variables (X m , # Q ,p a ), with m = 0. . .9, a = 1. . .16, describe the 
N = 1 D = 10 superspace. p a is the conjugate momentum to 9 a . This formalism takes its 
name from the bosonic spinor A a , which is constrained to satisfy the pure spinor condition 
\ a (ry m } a p\P = 0, where 7 m are 16 x 16 symmetric ten-dimensional gamma matrices. The 
pure spinor part of the action, denoted by S\, is the action for a free j3 7 system, where 
the conjugate momentum to A a is denoted by u a . Sj denotes the action for the heterotic 
right-moving currents and (b, c) are the right moving Virasoro ghosts. For the purpose of 



this paper, it is worth to note that the Lorentz currents N ab = ^\j ab uj and ghost number 
current J = X a u a satisfy 



rjP\. n N m ^ q (z) —r] q [' n N rn ] p (z) r , m \i r iP\ n 
3a -. T7 

y-z {y-zy 



N mn {y)N p \z) - a'-l—^ y [ [ ^ - 3a' 2 \ ' (2.2) 



J(y)J(z) - ' 



(y-z) 2 ' 
These currents have OPEs with the pure spinors 

N mn (y)X a (z) - ia , ( 7 mn ) a /9^-^ > Ay)X a (z) - a'^, (2.3) 

2 J/-.Z y-z 

while the right-moving currents satisfy 

7'(y)J J (z) - a '£^Z!W + Q '=-^j. (2.4) 

y-z (y-zy 

Physical states are defined as vertex operators in the cohomology of the BRST charge 
Q = §dz\ a d a , where d a are the worldsheet variables corresponding to N = 1 D = 10 
space-time supersymmetric derivatives. 



3. Lowest Order Constraints in a' 

In this section are computed the constraints coming from the nilpotency of the BRST 
charge and holomorphicity of the BRST current at tree level. 

The action which describes the Heterotic Superstring in a curved background can be 
obtained by adding the massless vertex operators to the flat action and then covariantizing 
with respect to the D = 10 N = 1 super-reparameterization invariance 0] . The action is 
as follows 



1 /* 1 1 

S = ^^ d 2 z{-Ii a TL\ ah + -U A li B B BA + djt + K A 1 I A A1 + dcfwf (3.1) 
2na J l I 

x a cjf 3 j I u Ia f 3 + x a U(3il c ncJ) + Sx + s 7 + s^, 

where II A = dZ M E^(Z), It 4 = dZ M E^(Z) and E&(Z) is a supervielbein: G M n(Z) = 
EljE^rjba. Z M denote the coordinates for the D = 10 N = 1 superspace (X m ,6> M ) with 
m = 0, . . ., 9 and \x = 1, . . ., 16. S\ and S-j, as before, are the actions for A and J = 

3 



h^-AB^^ respectively, with A, B = 0, . . ., 32. S$ is the action for the dilaton coupling 
to the worldsheet scalar curvature. The nilpotency of the BRST charge is guaranteed in a 
flat background because of the pure spinor condition. Nevertheless, when the superstring 
is coupled to the curved background, the background fields must be constrained in order to 
maintain this nilpotency 0] [l^] . One can find these constrains by performing a tree level 



computation. To set that, one perform a background field expansion |14[ by expliting every 
worldsheet field into a classical and quantum part, where the classical part is assumed to 
satisfy the classical equation of motion and the quantum part will allow to find propagators 
and form loops. Specifically, the following notation for the splitting will be used 

Z M =X^+Y M , d a = d a0 +d a , (3.2) 

^A 



So the expansion for the term 7^7 / d 2 z\dZ M dZ N G^m in (|3.1|) in second order of the 
quantum fiels is 



v2 / Ptvapyvb^ flv»vBn C ^r a avffl vBhCt a 1 Pi\rB\rC-\ 



. } f , d 2 z(-dY a dY b Vab - -dY a Y "II ~T CB a - -dY a Y *U ^T CB a + -dY^Y^U T CB a 

(3-3) 
+ ^dY B Y c U a T C B a + -Y B Y c U D T DC a Tl E T E B a - -Y B Y c U^ a U D) T DC B a ), 

where T is the part of the torsion which only contains derivatives of the vielbein: Tmn A — 
8[mEn] A arid Tdcb A = —Tdc E Teb A + (—) CD V 'cTdb A ■ Repeated bosonic indices in 
( fj.3| ) are assumed to be contracted with the Minkowski metric. On the other hand, the 
expansion for 7^7 / d 2 zd a dZ M Em°* is 

-j--j J d 2 z(d a dY a - d a Y B TL C f C B a + \{d a0 + d a )dY B Y c T CB a (3.4) 

-\{d aQ + d a )Y B U D Y c (dcf DB a + f C D E f EB a ) + \dJl D Y M Y N d N EM B TBD a ) 

In the subsequent sections, the subindex will be dropped off. The expansions for the 
remaining terms in the expansion of the action ( |3.1| ) are written in the appendix. From 
the first term in the last two expressions it can be read the propagators 

'A 

Y a (x, x)Y b (z, z) -► -olrf h log\x - z\ 2 : d a (x)Y^(z) -> — — . (3.5) 



3.1. Nilpotency at tree level 

The propagators ( pT5| ) allows to compute the conditions for the nilpotency of Qbrst 
perturbatively in a' . In fact, one can easily compute a tree level diagram using the second 
propagator and the fifth term in ( |3.3| ) expanding e~ s in a series power, giving as a result 

\ a d a (w)\ f3 dp(z) = ^-a'—!—\ a \ f3 Il c T f3ce c (z). (3.6) 

Initially one is interested in computing the tree leve diagrams coming from terms in the 
expansions with dY A Y B , since they will give rise to the same kind of pole as in ( |3.6|) . So, 
the contributions to the pole (w — z)~ x will be 

' °' \«\Pn c {T Pa c + H c p a ){z) + ]-^^\ a \PlVH 1 p ol (3.7) 



w — z 2w — z 

f^^A a A /3 d 7 T /3Q 7 (z) + -^\ a \ f3 \" f usRp a -y 5 (z) 



—\ a \%Tp a i(z) + — 

w — z w — z 

In this notation, the Torsion superfield Tp a ^ is given by 



Tpa 1 =Tp a 1 — 0/3Q 7 —Qa/3 1 , (3.8) 

while the curvature superfield is given by 

where D a denotes the supersymmetric derivative. There are also other possible tree level 
contractions of A Q d a (w) X@ 'dp(z) with terms including dY A Y B which will lead to 

-\a' W ~\ 2 \ a \m c {T Pa c - H c aP )(z) + la' . W ~ Z . 2 \ a \PTfH lceP (z) (3.10) 

2 (w — zy 2 (w — zy 

-a -^A X H J b a Qi. 

(w — zy 

In this notation the field-strength superfield is given by 

F api = D a A pi + D p A aI + f I JK A aJ Ap K + f aP c A C i. (3.11) 

To compute the tree- level diagrams that give rise to the above result, one need to compute 
the integral 



/ 



dx l w T9 = - / d 2 xdj '—. -, = 2tt- ^ (3.12) 



1 __ f 2 a ( X ~ w ) i W 

(w — x)(x — z) 2 J X — w (x — z) 2 (w — z)' 

From fl3.7|) and (|3.10|) it is deduced that the conditions for the nilpotency of Qbrst at the 

lowest order in a' are 



A Q A /3 T a/3 c = 0, X a X^H Ca p = 0, A a A /3 F a/37 = 0, X a X^X y u s Rp ai s = 0. (3.13) 



These are the same set of constraints found in H and 13 



3.2. Holomorphicity at tree level 

To compute the conditions for holomorphicity of the BRST current dj — d(X a d a ) = 0, 
one must know the expansion up to first order in Y a of the sigma model action. This 
expansion for the term 7^7 / d 2 z\dZ M dZ N G^m is 

-^ J d 2 [IL a dY b Vab + n a dY b Vab + U b U D Y c fcD a Vab + U D U a Y c T CD b Vab}. (3.14) 

The conditions for holomorphicity will appear as conditions for vanishing to the inde- 
pendent couplings n a n , n a n and so on. For example, forming a tree level diagram 
contracting dd a in dj with the third term in (|3.14|) , it is obtained |A a n & n Tca d Vbd- 
Following this procedure with all the terms in the expansion written in the appendix up 
to order Y, it is found 

lA Q [-n 6 n c (T ab V+r QC d 7^ (3.15) 

-n^rTX/^ - 2d p Ti c T c J - 2dpTpT 7 J + 2n 6 7 7 F 6a7 + 2ii f3 l I Fp aI + 2A^ 7 n d iW 7 

-2dpl\D a W^-W^A aK f I JK -U I J)+2X^ 1 j\n aS 1 U I p 5 -n a p S U Is ^+Uj^A aK f I JK 

-WfR Sa ^-D a Uj^)}=0. 

— ex. ^—1 — a — I 

Since IT is related to J through IT = — J Wf by using the equation of motion for the 



worldsheet field d a in (|3.1|) , one arrives at the following set of constrints for holomorphicity 



of the BRST current at the lowest order in a' 



T a (bc) = —H a bc = T a p C — H a /3 C = T COL P = 0, \ a \ P Rd a p 1 = 0, F a /3J = —-WjH Ja p, 

(3.16) 
F abI = -W^T iab , V a W? - T^W] = UiJ, X a X /3 (V a U Ia ^ + R ai p 5 W]) = 0. 



This was the same set of constraints found in [HI and f 13 



4. Yang-Mills Chern-Simons Corrections 



In this section a' corrections to the nilpotency constraints ( |3.13| ) will be computed. In 



the first subsection it is explained how to compute all of the twenty possible contributions 
to the nilpotency of the BRST charge. In the second subsection, it will be explained how, 
adding some counter-terms, one can find the Yang-Mills Chern-Simons 3— form. 

6 



4-1. One-loop Corrections to the Constraints 



In the expansion for the U A J A A i term, the following will play a role in the com- 
putation: U A Y B J 2 (d B A AI + f B A C A C i)(x) and dY A J 2 A AI (y). Contracting them with 



\ a d 0i (w)\ l3 dp(z) one can form a 1-loop diagram 

nf (D 7J 4 i7 + %e c A ci )/^ 



(4.1) 



The dashed lines denote background fields while the continuous lines denote the con- 
tractions using the propagators. So one can compute how these terms contribute to the 
nilpotency of Qbrst- To determine the coefficient for this diagram, note that there is an 
1/2 from the expansion of exp[— S] and there is a factor of 2 coming from the possible 
ways to put the superfields at x or y. Denoting the integration over the world-sheet fields 
by f[Dwsf], it is found 

X a d a (w)X f3 dp(z) I = — i— ^ [[Dwsf] f d 2 xd 2 yX a d a (w)X l3 d (z) (4.2) 

U^Y^D^Ae! + f lE F A FI )(x)dY s A SJ (y)J I 2 (x)l J 2 (y) 
= ^X^A aI (D,A CI + f^A DI )(z) J d 2 xd 2 y {w _ * _ _* (4.3) 



X a X /3 U^A pi (D a A C i + T aC D A DI )(z) I d 2 xd 



y- 



where J 2 (x)J 2 (y) — ► ^__ -, 2 . The second line in the last equation is obtained from minus 
the first by interchanging a with (3 and to with z. So, just one of the integrals will be 
computed. 

72„j2„. ! _ / j2 „.j2„ ! - ' 



d xd y- -^- -— — —^ = Id xd y- ^- -d v - — - (4.4) 

(w — x) z {z — y)(x — y) z J (w — x) A [z — y) x — y 

#~J2.. S 2 (y-z) _ o _ /• 2 1 



= 27T / d xd y- -7T— 3- = 2tt d x 



(w — x) 2 (x — y) J (w — x) 2 (x — z) 

7 



where in the second step an integratetion by parts has been performed with respect to y. 
In the last integral one can integrate by parts with respect to x to obtain 



d 2 xd 2 y- — -- — = -i^L. (4.5) 

[w — x) z (z — y) [X — y) z w — z 

Then a first contribution to the check of nilpotency will be 

X a d a {w)X^dp{z) I = -2a' 2 ^^ A pi {D a A CI + f aC D A DI )(z). (4.6) 

A second contribution comes from contracting X a d a {w)X 13 d^z) with dY~'J 2 A~ f i(x)x 
dY 5 J 2 Asj(y) as shown in the diagram. 



(4.7) 



To determine the coefficient of this diagram, note that there is an 1/2 coming from the 
Taylor expansion of exp(-S). So it is found 

A Q A^) /\ 2 j2 r A aI (x)A pi (y) A pi (x)A aI (y) 1 



X a d a {w)X p d p {z) n = ^ A " A/ ^ fd 2 xd 2 y 

2 (2n) z J 



(w — x) 2 (z — y) 2 (w — y) 2 (z — x) 2 {x — y) 2 

(4.8) 

The second term in the integrand is obtained from minus the first by interchanging w with 

z and a with f3. The integral left to solve is 

r = fMy . A ;f )A ^f ., = - /aa/^^L (4.9) 

J (w — xyxz — y)\x — yy J {y — x)(w — x) z {z — y) z 

/ , 2 ,2 A aI (x)A pi (y)dJ 2 (x - w) 
t / ci xci y ._ , . > 9 , 

J (y-x){z-yy 

where it has been integrated by parts with respect to x. The first and second integral on 

the right hand side of (fO|)can be integrated by parts with respect to y and x to obtain 

r = 2, fdVv^ dcA r' (x) y y)S y~ Z) -^ f d i x< e y n C 8cA a ,(x)A„(y)S\x-w) 



(z-y)(w-x) 2 "J" " (y-x)(z-y) 2 

(4.10) 



Evaluating the superfields in z, using (|3.12| )in the first integral and integrating by parts 
with respect to y in the second, one obtains 



-V2n) \ W ^ TfdcA aI Apr(z) - ^-U c d c A aI A pi (z) 



(w — z) 



w — z 



(4.11) 



Then 



w — z 



3ttC 



X a d a (w)X' 3 d p (z) II = -a' 2 -. ^X a X l3 U u d c A aI A pi (z) - 



a 



/:> 



W — Z 



+a 



a 



w — z 



(w — z) 



w — z) 2 
^dX a X^A aI A pi + -^—dX a X^ 'A aI A pi (z 



X a X^U c d c A aI A l3I (z) 

(4.12) 



w — z 



A third contribution to the nilpotency property comes from contractions of Uq J 2 Aai, 
twice 8Y a J 2 Aai and X a d a {w)X^ dp{z) giving rise to the diagram 




nZA 



O^CI 



(4.13) 



Since one is at order S 3 in the expansion of e~ s , there is an 4- and also a factor of 3 from 
the possible ways to put the superfields at x, y and u, so there will be a —1/2 coefficient 
in front: 



X a d a {w)X p dp{z) 



in 



2(2Tva 



^—3 f[Dwsf] f d 2 xd 2 yd 2 uX a d a (w)X l3 dp(z) (4.14) 



ngj I 2 A C i(x)dY D J J 2 A DJ (y)dY E 4A EK (u). 



- * 3 ^ X^AciA^jA^z) [d 2 xd 2 yd 2 u( 
Z{ZTv)°a J 



^"V 



(w — y) 2 (z — u)' 



(4.15) 



)J 2 (x)J 2 (y)J 2 (w). 



'a 0/3 



(w — u) 2 (z — y) : 



It is not hard to verify that 



J 2( x ) J 2(y) J 2 ( u ) 



f\3fIJK 



Wf 



+ ..., 



(4.16) 



(x - y)(y - u)(x - u) 

where by ... is meant less singular poles which are not important in this computation. 
Then the type of integrals that must be computed are 

1 



■2_j2„. <2„ 



T\ — Id xd yd u 



(w — y) 2 (z — u) 2 (x — y)(y — u)(x — u) 



(4.17) 



The integral in x gives 



d 2 x 



1 



(x — y)(x — u) 



so (pJ~T7D yields 



*/ 



r x = -2tt / d z yd z ud 



( f xdx{ ^_iL ) _}_ = 

x — y x — u 
1 y-w 



-2tt 






(4.18) 



'' w — y (z — u) 2 (y — u) 2 
Integrating by parts in y, y and then in u it is found Y\ = (27r) 3 /(u> — z). In this way 



(4.19) 



gives 



X a d a (w)X f3 d (3 (z) 



in = -{a 



/\2 



w — z 



f 1JK n%AciA a jAp K (z). 



(4.20) 



-^i. 



Note that a fourth loop could be formed with \dY a Yl 3 Il c {T l3a c + H c 0a ), d a J 2 Wj 
and dY a J 2 A a j as shown in the diagram below. 



Wf 



x a ... 



d a (w) V^iu) 



dY* d, 



n (r 7 ^ + h 7 ^) 




(4.21) 



In this case, one is also at the order S 3 , so there is an -^ which is cancelled by the symmetry 
factor responsible for the localization of the superfields, either at x, y or u. The ■? coming 
from the coefficient of the term with II C is cancelled by a symmetry factor of the possible 
ways of contraction: 



10 



X a d a (w)X f3 d f3 (z) 



c\ 



12 



IV 



(2*)* 



d 2 xd 2 yd 2 u 



A q A^IT(T 5q c + H c Sa )WfA 0I (z) x 
5 2 (x — w) 



(4.22) 



(z- u) 2 (y -x)(y- uf 



Integrating x one has to solve 



d yd u 



(z-u) 2 {y-w){y-u) 



T,\2 



i ,9 ,9 5 2 (y — w) 
-2tt / d 2 yd 2 u— ' 



(-u — y)(z — u) 2 w — z 



. (4.23) 



Then 



X a d a {w)X p d p {z) 



a 



12 



IV 



w — z 



X a X^W{T aS c + H c a5 )WfA pi {z) (4.24) 



Considering the same last diagram but with the vertex ^U. 1 H 1 p ol instead of 
ill c (T / 3 a c + ifg Q c ), gives a fifth contribution to the coupling to IT 7 

J2 



X a d a {w)X (i dp{z) v = -^—X a X^WH^ aS WfAp r (z) 



w — z 



(4.25) 



A sixth contribution can be formed with jU. c dY A Y B (Tba c + H c ba) and twice 



— i 



dY A J 2 A AI 



A eI 



x a . 



d a (w) Y J (u) 



gyf dY e 




(4.26) 



n o(^ 7 / + H if) 

There are 8 possible ways of making the contractions, a 3 factor from the possible ways 
to put the superfields at x, y or u, an 1/3! because one is at S 3 in the expansion, and the 
factor of 1/4 of the IT term gives a one coefficient: 



X a d a (w)X l3 d (3 (z] 



a 



12 



VI 



(2tt) 2 



d 2 xd 2 yd 2 u 



X a XfU c (T da c + H c da )A dI A (3I (z)x 
S 2 (x — w) 1 



(4.27) 



(y — x)(z — u) 2 (y — u) 2 . 
11 



The integral is the same as in (|4.22|) , so the answer is 

X a d a (w)X^d /3 (z) VI = -^X a X^U c (f da c + H c dce )A dI A 0I (z). (4.28) 



w — z 



In the same way, the last diagram but with the vertex ^IT / H 1 ba instead of 



jII c (Tba c + Hba c ) leads to a seventh contribution 



\ a d a (w)\ p dp{z) 



a 



rl 



VII 



w — z 



X a X f3 WH jda A dI A^ I (z). 



(4.29) 



An eight contribution can be formed with —^dY a Y /3 U C : Tc p a and twice dY A J 2 Aai- 



A eI 



X°L. 



d a (w) Y\u) 



Qyf dY e 




(4.30) 



There are 4 possible ways of making the contractions, a 3 factor from the possible ways to 
put the superfields at x, y or «, an ^ because one is at S 3 order in the expansion and a 
factor of 1/2 of the IP coefficient, giving at the end a 1 coefficient: 



\ a d a (w)\ p dp(z)vin ■ 
d 2 xd 2 yd 2 u- 



o 



a 



(2tt) 3 
-2tcS 2 (u — x 



X a X l3 U c Tc a d Ap I A dI (z)x 
1 



(w — x)(z — y) 2 (u — y) 2 
Integrating in u, the integral one has to solve is 



(4.31) 



/ 



d 2 xd 2 y 



(w — x)(z — y) 2 (x — y)' 



2nld 2 xd 2 y 52{X ~ W) 



(2ir) 



then 



X a d a (w)X f3 dp(z] 



a 



rl 



VIII 



^A 



w — z 



(z — y) 2 (y — x) w — z 



-\ a \Pn c T Ca d A fiI A dI (z) 



Let's consider the couplings to IT 



(4.32) 



(4.33) 
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A diagram like flPlp can be formed with \lfdY A Y B {T B A c - H c B a), 8Y a J 2 A ai 
and d a J 2 Wf. There are 4 possible ways of making the contractions, a 6 factor from the 
possible ways to put the superfields at x, y or u, an ^ because one is at S 3 order in the 
expansion and a factor of 1/4 of the IT coefficient, giving at the end a 1 coefficient to this 
ninth contribution: 

a' 2 



X a d a (w)X f3 d f} (z) IX = ?7 ^ T A a A^n c (T 5a c - H c da )w!A pi (z)x (4.34) 

d 2 xd 2 yd 2 u- 



(2tt) 3 ' 

1 

(w — x) 2 (z — u) 2 (y — x)(y — u) 2 

Integrating y by parts, one is left to solve the integral 



/ 



d 2 xd 2 yd 2 u- -^ ^-- rr = 2n d 2 x-, ^. (4.35) 

(w — x) z {z — u) z (u — y) J [w — x){z — x) z 



The right hand side in the last equation is the same as (|3.12[ ), so 



w — z 



\ a d a {w)\t 5 d p {z) IX = -a 12 - ^\<*\Plf{T Sa c - H c Sa )WfA 0I (z). (4.36) 

(w — z) A 

In the same way, considering vertex — in H 1 ba instead of —ill (Tba c — Hba c ) leads 
to the tenth contribution 

X a d a (w)X f3 dp(z) x = a' 2 W ~ Z X a \f 3 lTH lSa W^A^(z) (4.37) 

[w z) 

An eleventh contribution comes from a diagram like (|4.26| ) which can be formed with 

ill 8Y a Y b {Tba c — H c ba) and twice 8Y A dJ 2 AAi ■ There are 8 possible ways of making 

the contractions, a 3 factor from the possible ways to put the superfields at x, y or u, an 

3l because one is at S 3 order in the expansion and a factor of 1/4 of the II coefficient, 

giving at the end a + coefficient: 

X a d a (w)X (3 d f3 (z) XI = -^-X a X' 3 U c (f da c - H c da )A dI A pi (z)x (4.38) 



/■ 



d 2 xd 2 yd 2 u- 



(w — x) 2 (z — u) 2 (y — x)(u — y) 
The last integral is the same as the integral in ( [4.34| ), so the result is 



w — z 



X a d a {w)X l3 dp{z)xi = -a' 2 - ^ X a X /3 U c (T da c - H c da )A dI A pi {z). (4.39) 

(w — z) z 
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lrT 



In the same way, a twelfth contribution comes from considering the vertex — tII H^ba 
instead of the vertex ^n (Tba c — Hba c ), leading to 



X a d ce (w)X f3 d f3 (z] 



a// - <y' 2 W L X a X^lfH lda A dI A l3I (z). 



(w — z)' 



(4.40) 



Another diagram like Q4.30| ) can be formed with — ^dY^^Ii Tcp a , dY a J 2 A a j and 



— i 



dY a J 2 A a i, giving rise to a thirteenth contribution 



X a d a (w)X f3 dp(z] 



XIII = -ot 
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W — Z 

(w — z)'' 



T c 



X a X /3 U T C a d A dI A^(z). (4.41) 



A 



A fourteenth contribution and the last for the couplings to IT can be formed with 



ttC 



d a Y B U T CB a and twice dY A JA AI 



A- 



A 



7/ 



X 



d a (w) Y e {u) 



d* dYl 



n c f c / 




(4.42) 



giving as result 



X a d a (w)X p d p (z)xiv = 2a' W _ \ 2 X a X p lfAp I T Ca 1 A lI 

[w z) 



(4.43) 



— / 



Let's consider the couplings to J 
A fifteenth contribution to the nilpotency will come from a diagram formed with 
\dY A Y B X{d [B A A]I +f BA C A CI ), dJ^Wf and dY^A^: 



Wj 



djw) Y-y{u) 



?l< 



dY* d 



Jo {D{yA#)K + ^7^ A CK ) 




(4.44) 
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There are 4 possible ways of making the contractions, a 6 factor from the possible ways to 
put the superfields at x, y or u, an ^ because one is at the S 3 order in the expansion and 



-^i 



a factor of 1/2 of the J coefficient, giving at the end a 2 factor 

2a' 2 



X a d a (w)X%(z) X v 



?-^i , 



(2tt) 3 
d 2 xd 2 yd 2 u 



\ a \?J (D {l A a)I + T ia c A CI )W]Apj(z)x (4.45) 

1 



(w — x) 2 {z — u) 2 (y — x)(u — y) 2 
The last integral is again the same as in ( |4.34|) , so the result is 

, 2 W-Z 



\ a d a {w)^d p {z)xv = -2a' 2 W - ' X a \Cj I (D {l A a)I + T ja c A C i)W]A 0J (z). (4.46) 



(w — z) 



A sixteenth contribution can be formed with ^dY Y J (8[bAa]i + Tba Aci) an d 

2^-AI- 



twice 8Y A jlA 



A. 



el 



A' 



d a (w) Y-r{u) 



tK 



dY f dY e 



J (DfrAflx + T lf A CK ) 




(4.47) 



There are 8 possible ways of making the contractions, a 3 factor from the possible ways to 
put the superfields at x, y or u, an ^ because one is at the S 3 order in the expansion and 



—i 



a factor of 1/2 of the J coefficient, giving at the end a 2 coefficient: 



,/2 



X a d a (w)X^d f3 (z) XV i = 2-^\ ( *\Pj I (d [c A a]I + T ca D A DI )A cJ A P j(z)x 



(4.48) 



d 2 xd 2 yd 2 u- 



1 



(w — x) 2 (z — u) 2 (y — x)(y — u) 2 
which contains the same integral as before, so the result is 



w — z 



\ a d a {w)\Pd p (z) XVI = -2a' 2 _ A a A^J (d [c A Q]J + T ca D A DI )A cJ Apj{z). (4.49) 

[w z) 

Finally, let's consider the couplings to d a . 
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A seventeenth contribution can be formed with \<i OL dY^Y 1 T 1 fi OL , d a J 2 Wf and 
dY^A^r. 



Wf 



\ a _ 



d a (w) Y e (u) 



dY* d 




(4.50) 



There are 4 possible ways of making the contractions, a 6 factor from the possible ways to 
put the superfields at x, y or u, an ^ because one is at the S 3 order in the expansion and 
a factor of 1/2 of the d a coefficient, giving at the end a 2 coefficient: 



a 



rl 



\ a d a {w)^dp{z) XVII = -2-—^X a \f 3 d 1 T s ^W^A^ I (z)x 

{Z7Y) 

d^xdVu- 62{X ~ W) 



(z — u) 2 (y — x)(y — u) 2 
Integrating x, the integral that is left to solve is 

1 



(4.51) 



d 2 yd 2 u 



(z - u) 2 {y - w)(y - u) 



T,\2 



2n ld 2 yd 2 u- 62{y - W 



(27T) 2 

(u — y)(z — u) 2 w — z' 



So, 



X a d a (w)X' 3 d f3 (z] 



2a 



a 



XVII 



w — z 



-X a X^d y T Sa ^WfA l3I {z). 



(4.52) 



(4.53) 



An eighteenth contribution can be formed with ^d a dY B Y c TcB a and twice dY A J 2 Aai- 



A eI 



X c 



d a (w) Y*{u] 



Qyf Q Y e 



dyl-qf 




(4.54) 



There are 8 possible ways of making the contractions, a 3 factor from the possible ways to 
put the superfields at x, y and u, an ^ because one is at the S 3 order in the expansion 
and a factor of 1/2 of the d a coefficient , giving a 2 coefficient: 
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a' 2 

\ a d a (w)^dp(z)xvni = 2— -^X a X f3 d 1 T ca ^A cI A pi (z)x (4.55) 



/ 



(z — u) 2 (y — x)(y — u) 2 



d 2 xd 2 yd 2 u- 



This integral is the same as in ( |4.52|) , so the result is 

2r>' 2 
\ a d a (w)\Pdf3(z) XVIII = -——X^^d^^A^A^z). (4.56) 

Because of the pure spinor condition, the action is invariant under 5u a = (Ab7 6 A) Q , 
so UioP = Ui5 a P + \Ui c d{^ cd ) a ^ • It can be formed a nineteenth one- loop diagram by 
contracting JJ 2 Ui(x) with dY a J 2 A a i\ 



(4.57) 



giving the contribution 

\ a d a {w)\ p d p {z)xix = -2— — \ a \ p d 1 5 a ~ / Ap I U I (4.58) 



a' 2 



u^I, 



W — Z 

Similarly, a diagram like ( f4.57| ) can be formed contracting ^N ab J 2 Ui a b(x) with 
dY a J 2 A a i, giving as contribution 

X a d a (w)X l3 d (z) xx = -i^^A Q A^rf 7 ( 7 e/ ) Q ^ /e/ A /3/ (4.59) 

z w — z 

Now, the results will be summarized by adding up the twenty one-loop contributions 
to the tree level constraints. Each independent worldsheet coupling will receive corrections, 
as indicated below: 

Corrections to the the coupling to n c 

\-^\ a \ p TT[{T Pa c + H c Pa ) - Aa'A pi {D a A cI + f ac D A DI ) + 2a'A pi d c A aI (4.60) 

-2a'f IJK A cI A a jA 0K + 2a\T a5 c + H c aS )WfA pi + 2a , (T da c +T cct e r ]ed + H c dct )A dI A pi ](z). 
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Corrections to the coupling to IT 



1 , w — z 
■—a - r 

2 (w-z) 



n a 'l^—, 32 A°A /3 n c [(T^ Q c - H c aP ) - 2a'A /3I d c A aI + 2a\T Sa c - H c Sa )W?A pi (4.61) 



+2a'(T da c + T ca e n ed - H c dct )A dI A pi - 4a' ' A pi T cc P A^]{z). 
Corrections to the coupling to IT 7 

\^—X a X^IT[H ll3a - 4a / 4 w (£> a A yJ + f ai D A m ) - 2a'A f3I D 1 A aI (4.62) 

2 w — z 

-2dj IJK A riI A (x jA &K + 2a'H iaS W?A f3I + 2a'(T iad - H iad )A dI A pi ]{z). 
Corrections to the coupling to IT 

\ a ' (w-l) 2 **^ [HiaP ~ 2cl ' A W D i A <*i + MH^WfAp! - 2a'(H ia d + T ia d )A dI A pi 

(4.63) 

+Aa'Ap I f 1 jA SI ]{z). 

Corrections to the coupling to d 1 



a' 



w — z 



X a X^d 1 [T p ^ + 2a'T 5 ^W 5 I A pi - 2a'T c ^A cI A f3I - 2a'U Ic ? A (il \. (4.64) 



Corrections to the coupling to J 



-a' J_ \ ' 2 X a X' 3 J I [F al3I + 2a'(D {l A a)I + T ia c A C i)W]A pj (4.65) 



+2a'(d [c A a]I + T ca D A DI )A cJ A pj ](z). 

4-2. Addition of Counter-terms 

Let's now concentrate in finding the Yang-Mills Chern-Simons 3— form by adding ap- 
propiate counter-terms. Keeping in mind the lowest order in a' holomorphicity constraints 
T a bc + T ac b = = H a bc', the conditions for nilpotency at one loop look like 

From the coupling to Il c 

A a A /3 [(T^ Q c + H c Pa ) - 4a'A pi (D a A cI + f ac D A DI ) + 2a'A f3I d c A aI (4.66) 

-2a'f IJK A cI A a jA pK + 2a'(T aS c + H c aS )W?A pi ](z) = 0. 
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From the coupling to IT 

\ a \ p [{T Pa c - H c aP ) - 2a' A pi d c A aI + 2a'(T 5a c - H c 5a )W?A pi - Aa'A pi f co ? A^} (z) = 

(4.67) 
Adding Ql.66] ) and ( |4.67| ) gives the condition 

\ a \P[T Pa c - 2a'A pi (D a A cI +f ac D A DI ) - a'f IJK A cI A aJ A pK + 2a'T aS c W?A pi (4.68) 

-2a'A pi f ca ^A^) = 0. 
Substracting ( |1.66|) and (|4.67|) gives the condition 

X a X^H c Pot -2a'A pi (D [a A c]I +f ac D A DI )-a'f IJK A cI A otJ A pK +2a'H ce5 c WfA pi (4.69) 

+2a' 'A pi f cc p A^] = 0. 

Now, suppose that a counter-term of the form -^ J d 2 zdZ M dZ N A^jAmi is added 
to the action, where K\ is a constant to be determined. This amounts to redefine the 
space-time metric Gmn —* Gmn + 2a ' K\AmiAni- The expansion of this counter-term 
will contain the terms 

S c = ^ [ d 2 x[dY A dY B A BI A AI + dY A TL B A BI Y c {d c A AI + l f CA D A DI ) + (4.70) 
Zn J 2 

dY A Tl B Y c {dcA BI + f CB D A DI )A AI + U A dY B A BI Y c (d c A AI + f CA D A DI ) + 
U A dY B Y c (d c A BI + ^T CB D A DI )A AI ] 

which can be used to compute tree level diagrams contracting with \ a d a {w)\^d p {z). How- 
ever this diagrams will contribute to the order a' 2 , entering at the same foot as the one-loop 
diagrams. The result of these tree level diagram is 

-a' 2 K x W ~ Z \ a \m C [A C i{D {a A p)I + f aP D A DI ) - 2A pi (D a A C i + f aD D A DI )](z) 
[w z) 

(4.71) 
a^Ki^-U^AciiD^A^ + f aP D A DI ) - 2A pi (D a A C i + f aC D A DI )](z) 

+2a' 2 K 1 -. W - Z , d\ a X p A aI A pi (z) + 2a' 2 -^d\ a \ f3 A aI A pi (z) 
(w — z) z w — z 

Then, (|4.66|) and (|4.67|) will be modified respectively to 

X a X f3 [(T Pa c + H c Pa ) - 4a'A pi (D a A cI + f ac D A DI ) + 2a' A pi d c A aI (4.72) 
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-2a'f IJK A cI A aJ Ap K + 2a\T a5 c + H c aS )WfA 0I + 2a'K 1 A cI (D {ce A f3)I + f af3 D A DI ) 

-Aa'K x A pi {D a A cI + f ac D ' A DI )]{z) = 0. 
X a X (3 [(T Pa c - H c aP ) - 2a'A pi d c A aI + 2a'(T 5ce c - H c Sa )W^A^ (4.73) 

+2e*' 'K 1 A cI (D {a A^ I +f^ D A DI )~4a'K 1 A 0I (D a A cI +f ac D A DI )-4a'A^ I f c ^A lI }(z) = O 
One can add ( gTg ) with ( |T73| ) to obtain 

A q A /3 [T /3q c - 2a / A /3/ (D Q A c/ + f QC D ^ 7 ) - a'f IJK A cI A a jAp K + 2a'T a5 c W 5 I A pi (4.74) 

+2a'K 1 A cI (D {a Ap )I +f^ D A DI )-4a'K 1 A pi (D a A cI +f cec D A DI )-2a'A 0I f c ^A lI } = O. 
If -ftTi = —1/2 and using the constraint X a X^F a pi = one arrives at 

X a X p [T Pa c + 2a'T aS c W?Ap I - 2a'A pi f ca ^A lI } = 0. (4.75) 

Furthermore, forming a three-level diagram with d a Y^H Tc/3 a and dY a dY /3 ApiA a i in 
04.7OQ , with precisely this value for K\ one can cancel the term proportional to ApjT ca ' y A 1 j 
in ( |4.75[ ) and ( [4.69| ) . Also, with this value for K\, the counter-terms in the last line of 
( |4.71|) will cancel the contributions proportional to dX a and dX a in ( |4.12| ) . 



Note that it can be added a second counter-term of the form Ip J d 2 zd a dZ M AmiW". 
This amounts to redefining the supervielben Em 01 — ► EM a + a' KiAyiiWf . After 
expanding this counter-term, one can form a tree-level diagrams contracting it with 
\dY^Y 5 W{T 5l e + H Sl c ): 

U c {T 6l c + Hrf) M 2 A nI Wf 

A Q %S ^. .-''' \P (4.76) 

d a (w) dY^Y 6 (x) d^Y v {y) d p (z) 

giving a contribution to the nilpotency 

a' 2 K 2 ^-U c (T aj c + H ai c )W]A pi {z), (4.77) 
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while contractions with ^dY 1 Y 5 Ii (Tg^ — -ff<s 7 c ) will form the diagram 

djw) dY^Y 5 {x) d € dY^{y) d p (z) 
which gives the contribution 



w — z 



-a' 2 K 2 _ \ a \Pn c (T ay c - H a S)W]A pi . (4.79) 

(w z) 



It can be easily checked that for K 2 = -1, adding f|4.77| ) and Q4.79Q to Q4.66|) and Q4.67Q 
respectively; then X a X^T a p c will not receive a' corrections, i.e. this second counter-term 
cancels the a' correction in ( |4.75|) ; while the corrections for H a p c are 

X a X /3 [H c Pa - 2a'A pi {D [a A c]I + f ac D A DI ) - a'f IJK A cI A aJ A pK ] = 0. (4.80) 

Now, the couplings to IT 7 also receive corrections from the two counter-terms just 
introduced. Some of these corrections come from the coupling to H c in ( |4.71| ) when C is 
7. Another correction comes from the tree- level diagram 

X- ^ .*'''' A^ ( 4 - 81 ) 

d a (w) dY^Y s (x) IdY^y) d p (z) 

Adding those corrections and using the holomorphicity constraint F a pi = — -^WjHy a p, it 
can be checked that the a' corrections to the coupling to IT 7 are 

X a X p [H lPa - 2a' Ap^D^A^ + f ai D A DI ) - a'f IJK A^A aJ A 0K } = 0. (4.82) 

Let's now identify the Chern-Simons form. It can be used the lowest order constraints 
in a' coming from nilpotency condition X a X^F a pj = to write (|4.8C| ) in the desired form. 
Since A Q A^ = A^A" 

X a X p [H c aP - a'TrA [a {DpA c] + ^f M D A D] ) - 2a'f IJK A cI A aJ A /3K }(z) = (4.83) 
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Since 2f UK A cI A aJ Ap K = §TrA [e A a A^ then 

X a X /3 [H c a/3 - a'Tr(A [a D A c] + ^A [c A a A p] + ±A [a T 0c] D A D )](z) = 0, (4.84) 



which is the desired form. Similarly, (|4.82| ) can be written as 



A a A^[tf Q/?7 - a'TriA^DpA^ + ^A {l A a A p) + ^i ( J w D A D )]{z) = 0. (4.85) 

Adding a further third counter-term — ^ J d?zX a uJpdZ M AmiUio. ■> which amounts 
to redefine Om q ^ — ► ^Ma 13 — ot' ' AmiU icP ', and thanks also to the other two counter-terms 
added, can verify that neither X a X f3 T a p' y = nor A a A^F a ^/ = will receive a' corrections. 



5. Conclusions 

The process of finding the Yang-Mills Chern-Simons correction to the 3-superform H 
from a string computation has been successful, in agreement with the studies of super Yang- 
Mills and supergravity couplings || , and [[TOf . It is interesting to note that to preserve 
worldsheet symmetries, some redefinitions of the superfields are in order. Particularly, it 
was found that for the pure spinor sigma model, both Em 0, and Eu a should be redefined. 
The redefinition of the second one could not be found using the other descriptions for the 
superstring. 

The procedure used in this paper is suitable for computing the Lorentz Chern-Simons 
3-superform in a pretty similar way, because there is a direct analogy of the terms 
dZ M J Ami and X a ujj3dZ M VtM a ^ in the action. In that case, diagrams formed by con- 
tractions of terms with three quantum fields would contribute. Work in this direction is 
very interesting, because a solution recently |15[ has been claimed for the old debate about 



the inclusion of the Lorentz Chern- Simons-form in N = 1 D = 10 supergravity and the a' 
corrections to the supergravity constraints. See |16[] , jT7| , |18| for the perturbative approach 



and |nj , [BDJ , |pT[ , [22] for the non-perturbative approach. The pure spinor formalism was 



also used at the cohomological level in ]23|] to study the BRST anomaly. It would be very 



interesting to perform a one-loop computation to find the Lorentz Chern-Simons form, and 



relate the pure spinor supergravity constraints with those in [15 . 
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7. Appendix 

7.1. Background Field Expansions 

From the expansion of the term 7^7 / d 2 z\dZ M dZ N Bnm 

-^ I d 2 z{\nm A Y c HcAB + \Y A dYm C HcBA-\Y A W B n c H CBA+ \Y A Y B n c n D H DC BA], 

Ziva J Z 4 4 4 

(7.1) 
where H ABC = (-)< b + n ^ c +P^ a + b ^SEgE^Efd [M B N p h 

d [M B NP] = ^(d M B NP + (-r^ + ^d N B PM + (-) p{m+n) d p B MN ) (7.2) 

and H D cba = (-) B{C+D) V b H DC a - (-) BC T DB E H ECA + {-) D{B+C) T CB E H EDA . 
From the expantion of -^-y J d 2 zdZ M J Ami 

l — j d 2 z[(J I + 1\ + J I 2 )(dY A A A i + U A Y B (d B A A i + f BA C A C i) + U A A A i (7.3) 



2na 



+±dY A Y B (d [B A A]I + T BA C A CI ) + ^Y A Y B U c T CB D (d D A AI + T DA E A EI ) 

(-) BC 

^ ' -Y A Y B U c d B (d c A AI +T CA D A DI ) 



2 



From the expansion of ^7 / d 2 zd a dZ M E M 

^Jd 2 z[(d a0 + d a )(dY a + U B Y c f CB a )i (7-4) 

where the terms quadratic in Y were written in ([3.4]) . 
From the expansion of ^—7 / d 2 zd a J Wf 

-L j d 2 z[(d a0 + d a )(Jo +l[ + l I 2 ){^Y B Y c d c d B Wf + Y c d c W? + Wf). (7.5) 

From the expansion of 7^7 J d 2 zX a ujpU SlcoP 
^— r j d 2 z[(X a u f} + X a Q p + \ a Q p )(±dY D Y c (d [c n D] J + f CD E n E J) +Tl C n c J (7.6) 

+±Y c Y D n E T E j D F (d F n Ca 13 +T FC G n G J)+dY c n Ca P +TfY D (d D n Ca P +T DC E n Ea > 3 ) 
-l(-) DE Y c Y D u E d D (d E n c J + f EC F n F J))}. 

From the expansion of 7^7 / d 2 zX a ujpJ Ui a ^ 



^ /"^[(A^+K^+A"^ 
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